COMMUNICATIONS TO THE EDITOR

Laminar Flows in Inlet Sections of Tubes and Ducts

As a fluid flows through a tube or duct its velocity pro-
file undergoes a change from its initial entrance form to
that of a fully developed profile at an axial location far
downstream from the entrance. A variety of methods have
been employed for the determination of the flow charac-
teristics in this region. An overwhelming majority of these
methods employ the boundary layer assumptions thus
neglecting the axial transport of vorticity and assuming
that pressure is a function of axial distance only. Difficul-
ties have been encountered in obtaining solutions mainly
because of the nonlinear inertia terms in the momentum
equation.

The various methods which have been used may be
placed into one of four categories:

1. Integral:

An early analysis of the hydrodynamic entrance region
of a tube and duct was presented by Schiller (1). The
cross section of the tube or duct was considered to be
composed of two regions; a boundary layer developing
near the wall and an invicid fluid core. A parabolic veloc-
ity distribution was assumed in the boundary layer and
Bernoulli’s equation was used in the core to determine the
pressure distribution in the axial direction. Modifications
of this basic method have been subsequently presented
elsewhere (2 to 4).

2. Axially patched solutions:

In this method, initially used by Schlichting (5), the
entrance region is divided into two regions. Near the
entrance a boundary layer model is used and an approxi-
mate solution is obtained in terms of a perturbation of
Blasius’ boundary layer solution. In the region where the
flow is nearly fully developed, the velocity profile is ap-
proximated in terms of a small perturbation to the fully
developed velocity profile. The two solutions are patched
at some appropriate axial location. More recent works
(6 to 10) have been based upon this method.

3. Linearization of the momentum equation:

The nonlinear inertia terms in the momentum equation
were linearized and the solution to the resulting equation
found in a method proposed by Langhaar (I1). Subse-
quent refinements of this method have been presented
elsewhere (12 and 18).

4. Finite difference methods:
The boundary layer equations were solved by finite
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difference methods for flow inside tubes (3, 14), and for
parallel plate channels (15, 16).

Several recent publications have described the use of
finite difference methods for the flow model considering
the axial transport of vorticity and a pressure gradient
in the radial as well as axial direction. Vrentas, et al. (17)
assumed a stream tube to extend from the entrance of the
real tube to minus infinity where the axial velocity was
considered to be uniform. Schmidt and Zeldin (18) as-
sumed the profile to be uniform and the flow irrotational
at the tube entrance. Wang and Longwell (19) solved
the parallel plates channel problem using both the stream
tube and uniform entrance velocity inlet conditions. All
of these solutions assume fully developed flow at infinity.

One of the major interests in developing flow work is
associated with the ability to predict the pressure drop
between any two axial locations. In order to facilitate the
computations, the total pressure drop from the entrance
is expressed as the sum of the pressure drop which would
occur if the flow were fully developed for the total length
plus a correction factor to account for the developing flow
region:
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where f is the fully developed friction factor; f = 64/Ng,
for a tube and 96/Ng, for a parallel plate channel and Z
is the nondimensional axial distance from the tube en-
trance, z/Dy. The entrance region pressure drop coeffi-
cient is denoted by K and is a function of axial position
reaching an asymptotic value as the flow becomes fully
developed.

In this study the complete set of Navier-Stokes equations
were solved using finite difference techniques. The con-
tinuity and momentum equations were put into nondimen.
sional form and the stream function and vorticity were
introduced to reduce the number of equations and elimi-
nate the pressure terms. An axial transformation of the

type

1
1+ CZ

was used where C is an arbitrary positive constant. The
spatial domain was subdivided into a system of 40 equal
subdivisions in the S direction. For the parallel plate
channel 40 equal subdivisions were used in the transverse
direction. In order to obtain a finer grid near the wall of

S=1 (2)
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the tube, a logarithmic type of subdivision was used,
again having 40 subdivisions.

The finite difference representations of the differential
equations for the vorticity and the stream function at each
node in the system were formed using Allen’s method
(22). The solutions to the resulting set of difference
equations were obtained using a successive over relaxation
method. Once the distributions of the vorticity and stream
function are known the velocities are found using the re-
lationships between the velocities and the derivatives of
the stream function. The appropriate derivatives of the
stream function at each node were determined by differen-
tiating the expressions for the stream function employed
in the formation of the difference equations. The nondi-
mensional pressure gradients were determined using the
two momentum equations and numerical integration was
employed to determine the nondimensional pressure dis-
tribution.

Computations were made with three Reynolds numbers,
10,000, 500, and 100. Since the boundary layer assump-
tions are valid for flows with high Reynolds number, the
results for a Reynolds number of 10,000 approach those
of a boundary layer solution and hence are directly com-
parable with previously published solutions. The value of
C in Equation (2) was selected so that the centerline
velocity at the last interior node in the axial direction was
approximately 999 of that for fully developed flow.

The present analysis yields pressure variations in both
the axial and transverse directions. The transverse pres-
sure distribution is dependent upon axial location and
Reynolds number. The pressure distributions in a tube at
the entrance and a location downstream are shown in
Figure 1. As the value of Z/Ng. increases, the pressure
variation in the transverse direction approaches zero for
all Reynolds numbers. Due to the presence of this trans-
verse pressure gradient in the entrance region, a modifica-
tion in the expression for the pressure drop was necessary:

PO_T)::
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where Pis the area integral average pressure at a specified
axial location, P, is the centerline pressure at the tube
or channel’s entrance and K is the entrance pressure drop
coefficient. The results for K are shown in Figures 2 and 3.
The dependency of the results upon the Reynolds num-
ber is clearly indicated in these figures.

It is appropriate to comment on several points at this
time. The continuity and Navier-Stokes equations used
in this analysis form an elliptic system of differential equa-
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Fig. 2. Tube pressure drop coefficient, K

tions. As such, the solution in terms of stream function and
vorticity depends upon the boundary conditions employed.
Neither the mathematical model of the present study nor
the stream tube extension model used by Vrentas, et al.
(17) completely describes the actual flow situation. The
discrepancy arises at the entrance, Z = 0. However, for
moderate and high Reynolds numbers, the irrotational uni-
form velocity assumption is a generally accepted approxi-
mation for the conditions produced by a sudden contrac-
tion into a well-rounded entrance. As the Reynolds number
decreases, the flow at the tube entrance becomes increas-
ingly dependent upon flow configuration upstream of the
entrance and may deviate considerably from the assumed
conditions. The results presented for predicting the pres-
sure drop in a system must, therefore, be used with
caution when being applied to a low Reynolds number
flow. In order to obtain more accurate results under this
condition, it becomes necessary to include that portion of
the upstream region on whose boundaries the stream
function and vorticity conditions are known. The solution
may then be obtained by solving the appropriate finite
difference equations for the combined regions.

In Table 1 the asymptotic values of K are compared
with previously reported results. Values of K for arbitrary
cross sections have been presented elsewhere (20, 21).
As can be seen, the value of K depends to a large extent
upon the method of solution used. Integral techniques
generally yield lower values. A comparison of the results
of this study with those previously obtained using numeri-
cal techniques and the boundary-layer assumptions indi-
.8
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Fig. 1. Nondimensional pressure distribution.
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Tasre 1. ENTRANCE PRESSURE DRroP CoEFFICIENT, K ( ASYMPTOTIC VALUES)

Tubes
Theoretical Type of Solution K
Christianson-Lemmon (3) numerical 1.274
Atkinson-Goldstein (6) patched 141
Bogue (3) integral 1.16
Collins-Schowalter (7) patched 1.33
Hornbeck (14) numerical 1.269
Langhaar (11) linearization 1.28
McComas (21) linearization 1.33
Schiller (1) integral 1.16
Present study numerical (Nge = 10,000) 1.314
(Nge = 500) 1.346
(Ng. = 100) 1.397
Siegel (cubic) (23) integral 1.08
Siegel (parabolic) (23) integral 1.106
Sparrow, Lin, and Lundgren (13) linearization 1.24
Tomita (24) linearization 1.22
Vrentas, Duda, and Bargeron (17) numerical (boundary layer) 1.18
Experimental
Dorsey (3) 1.0-1.08
Nikuradse (25) 1.32
Rieman (26) 1.22-1.268
Schiller (1) 1.116-1.450
Weltmann and Keller (27) 1.08-1.32
Parallel Plate Channel
Theoretical Type of Solution K
Bodoia and Osterle (15) numerical 0.676
Collins and Schowalter (8) patched 0.676
Collins and Schowalter (7) patched 0.740
Ham (28) linearization 0.85
Heaton (25) linearization 0.68
Hwang and Fan (16) numerical 0.625
McComas (21) linearization 0.6857
Roidt and Cess (10) integral 0.630
Schlichting (5) integral 0.601
Present study numerical (Nge = 10,000) 0.669
(Nge = 500) 0.698
(Ngre = 100) 0.748
Sparrow, Lin, and Lundgren (13) linearization 0.686
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